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For a weakly-interacting Bose gas rotating in a harmonic trap we relate the yrast states of small
systems (that can be treated exactly) to the thermodynamic limit (derived within the mean-field
approximation). For a few dozens of atoms, the yrast line shows distinct quasi-periodic oscillations
with increasing angular momentum that originate from the internal structure of the exact many-body
states. These finite-size effects disappear in the thermodynamic limit, where the Gross-Pitaevskii
approximation provides the exact energy to leading order in the number of particles N . However,
the exact yrast states reveal significant structure not captured by the mean-field approximation:
Even in the limit of large N , the corresponding mean-field solution accounts for only a fraction of
the total weight of the exact quantum state.
PACS numbers: 05.30.Jp, 67.85.-d, 67.85.De
I. INTRODUCTION
Contrary to many other systems with superfluid prop-
erties like, e.g., liquid Helium or atomic nuclei, ultra-
cold atomic quantum gases are – at least under typical
conditions – very dilute. Still, they may exhibit super-
fluid properties [1, 2] because of their ultralow temper-
atures. Initial experiments with trapped Bose-Einstein
condensates [3–7] have been performed mainly in large
systems confining thousands to millions of atoms. It was
only more recently that experiments reached the limit of
smaller atom numbers N ∼ O(1) [8]. In small systems,
however, the thermodynamic limit often applied to the
case of homogeneous superfluids is not appropriate. Even
in the regime of weak interactions, deviations from this
limit are expected due to finite-size effects and the influ-
ence of the trapping potential.
The rotational properties of Bose-Einstein condensates
in a harmonic trap have been studied extensively in the
past, see the reviews [9–13]. Previous theoretical studies
applied the Gross-Pitaevskii method (for example, [14–
18]), or have gone beyond the mean-field approximation
(for example, [19–48]). Most of these studies made use of
the numerical “exact” diagonalization of the many-body
Hamiltonian, which we also employ here. Reference [47]
and the more recent study in [48] examined the effect
of correlations on the rotational properties considering
Bogoliubov fluctuations on the mean-field state. Refer-
ence [49] went beyond the Bogoliubov description and
considered interactions between the quasi-particle exci-
tations.
As discussed below, the exact quantum states of a few
dozens of weakly interacting atoms in a rotating har-
monic trap reveal significant structure not captured by
the Gross-Pitaevskii approximation. It is well known
from earlier studies of mean-field theory in the thermo-
dynamic limit that with increasing rotational frequency,
a dilute Bose gas in a harmonic trap goes through a sys-
tematic series of phase transitions associated with the for-
mation of vortices [14–18]. In the limit of small N , how-
ever, finite-size effects become important: Quasi-periodic
oscillations occur along the “yrast line” connecting the
lowest-energy states as a function of angular momentum
([28, 32–35, 41, 45], see also the discussion in the review
articles [11, 13]). These oscillations lead to discontinu-
ous steps in the ground state angular momentum L as
a function of the trap rotation frequency Ω. They orig-
inate from the structure of the exact many-body wave
function, generalizing the well-known pattern first de-
scribed by Butts and Rokshar in the mean-field thermo-
dynamic limit [14]. The Gross-Pitaevskii approximation
is known to provide the exact energy to leading order in
N [25, 50, 51]. However, we find that only a fraction of
the total weight of the exact quantum state accounts for
the corresponding mean-field solution even in the limit
of rather large numbers of atoms.
II. MODEL
We consider N bosons of mass M , confined in a har-
monic oscillator potential that is isotropic in two di-
mensions (x, y), with z taken to be the axis of rota-
tion of the cloud. We assume that the system is quasi
two-dimensional, with the motion along the z-axis being
frozen (i.e. oscillator frequencies ω = ωx = ωy ≪ ωz
and ~ωz larger than the interaction energy). For suf-
ficiently weak interactions one may restrict the set of
single-particle states of the harmonic potential to those
with zero radial nodes, which is the so-called lowest-
Landau-level approximation [9]. Then, the quantum
number m ≥ 0 specifying the z-component of single-
particle angular momentum is the only quantum num-
ber defining the orbitals ψ0,m ∝ rmeimφe−r2/2ℓ2 (with
ℓ =
√
~/Mω). The set F of Fock states {|Φj〉}Fj=1 =
{|0N0, 1N1 , . . .mNm〉}Fj=1 (where Nm denotes the number
of particles in a single-particle state with angular mo-
mentum m) labeled by the index j spans the basis of
2the many-body state. These Fock states are chosen as
eigenstates of the particle-number operator and of the
angular-momentum operator, with
∑
mNm = N as well
as
∑
mmNm = L (units of ~). In the absence of inter-
actions there is a large degeneracy which comes from the
different ways that one may distribute L units of angular
momentum to N particles in a harmonic potential [20].
Clearly, this degeneracy increases with increasing L and
N . In the spirit of degenerate perturbation theory, the
Hamiltonian Hˆrot is diagonalized in the subspace of these
degenerate states. For effective contact interactions be-
tween the bosonic atoms [52], in the rotating frame of
reference, Hˆrot is given by
Hˆrot = ~ωN + ~(ω − Ω)L + g
2
∑
k 6=l
δ(rk − rl) , (1)
i.e., only the part coming from the two-body interactions
needs to be diagonalized. Here, Ω is the trap rotation
frequency, and g = U0
∫ |φ0(z)|4 dz = U0/(
√
2πℓz) is the
interaction strength, with φ0(z) = e
−z2/2ℓ2z/(πℓ2z)
1/4 be-
ing the ground state of the potential along the z axis, and
ℓz the oscillator length in the z direction. Also, U0 =
4π~2a/M is the matrix element for zero-energy elastic
two-body collisions between the atoms, with a being the
corresponding scattering length. We can thus define the
dimensionless parameter λ = NMg/~2 =
√
8πNa/lz to
measure the coupling strength. The eigenstates of Hˆrot
are expressed as |L,N〉 = ∑Fj=1 Cj | Φj〉.
III. RESULTS
It is instructive to start with the case L/N = 1, where
there is a single vortex state at the center of the cloud,
the so-called “unit vortex”. Within the mean-field ap-
proximation [14, 15], all the atoms reside in one single-
particle state with m = 1. However, the exact many-
body wavefunction (which in this case is known analyti-
cally, see [19, 21, 23]) has a different structure. Although
the dominant Fock state corresponds to the mean-field
state with macroscopic occupancy of the m = 1 or-
bital, in addition there are orbitals with m = 0 and
m = 2. The yrast state of the unit vortex can be writ-
ten as[15, 19] |L = N,N〉 = ∑k(−1)kCk|0k, 1N−2k, 2k〉,
where Ck = 1/(
√
2
k+1
) to leading order in N . The com-
ponent corresponding to the mean-field approximation is
the single term with k = 0, with |C0|2 = 1/2. All other
Fock states, with their sum trivially adding up to com-
pleteness,
∑
k 6=0 |Ck|2 = 1/2, have significantly smaller
amplitudes. In other words, half of the weight of the
total wavefunction is not captured by the single domi-
nant Fock state carrying a macroscopic occupancy that
corresponds to the mean-field solution. (For a discus-
sion of the unit vortex see also Refs. [21, 46, 47]). Eval-
uating the mean occupancy of the three single-particle
states from the exact state, one finds [19] that to lead-
ing order in N , the occupancy of the m = 1 state is
FIG. 1. (Color online) Comparison of mean-field and
“exact” yrast states of N = 30. Upper panel: Energy
(in the rotating frame) as a function of total angular
momentum L, at a rotational frequency of Ω/ω = 0.9768
and a coupling strength λ = 0.3. The black line shows
the result of the numerical diagonalization. Cusps in the
yrast line occur with a quasi-periodicity of q = 2, 3 and
4 in L, as marked by the blue, green and magenta circles.
The three higher-energy parabolae show the result of the
corresponding mean-field variational calculation. Lower
panel: Sum
∑
|Φj〉∈P
(q) |Cj |2 of amplitudes of Fock states
|Φj〉 built exclusively out of the orbitals that are macro-
scopically occupied within the mean-field approximation (see
text), with (m = 0, 2, 4), (m = 0, 3, 6), and (m = 0, 4, 8)
for the cases of two-fold (blue, q = 2 ), three-fold (green,
q = 3) and four-fold (magenta, q = 4) symmetry, respectively.
〈N1〉 = N − 2, while for m = 0 and m = 2 we have
〈N0〉 = 〈N2〉 = 1. (The mean occupancy of all other
single-particle states is of lower order inN , which justifies
to neglect them). Thus, there is only one single-particle
orbital that is macroscopically occupied for large N . The
depletion of the condensate, defined as (〈N0〉+ 〈N2〉)/N ,
equals 2/N . In the mean-field approximation the energy
(in the laboratory frame of reference) at L/N = 1 is
EMF = N~ω + gN(N − 1)/2 (see [15]), while the ex-
act energy is Eex = N~ω + gN(N − 2)/2 (see [19, 21]).
The comparison shows that the mean-field energy is cor-
rect to leading order in N , while the contribution of the
single-particle states m = 0 and m = 2 that are absent
in the mean-field solution give corrections to the energy
3that are of lower order in N [25].
Beyond the unit vortex, for L/N > 1 the yrast states
are not analytically known, and one needs to turn to
numerical methods instead. The upper panel of Fig. 1
shows the yrast energies (in the rotating frame) obtained
by the Gross-Pitaevskii method (upper, parabolic lines),
in comparison to the energies obtained by exact diago-
nalization (lower black line), calculated for N = 30, for
the interaction strength λ = 0.3, and Ω/ω = 0.9768 [53].
For 1.7
<∼ L/N <∼ 2.03, the yrast state consists of
single-particle orbitals with even values of m, and thus
has two-fold symmetry. The occupancy of the orbitals
with odd m is of lower order in N , and thus negli-
gible in the thermodynamic limit asssumed within the
mean-field approximation [15]. For the simple form
Ψ = c0ψ0,0 + c2ψ0,2 + c4ψ0,4, the mean-field energy is
straightforwardly obtained variationally under the con-
straints of fixed particle number and of fixed expecta-
tion value of angular momentum. For two-fold sym-
metry, the corresponding energy is shown as the upper
blue line in Fig. 1. Similarly, we may evaluate the en-
ergies for the order parameter with three-fold symme-
try (green line), consisting exclusively of single-particle
orbitals with angular momenta m that are multiples
of three, Ψ = c0ψ0,0 + c3ψ0,3 + c6ψ0,6, and four-fold
symmetry (grey line) with m being multiples of four,
Ψ = c0ψ0,0 + c4ψ0,4 + c8ψ0,8. The local energy minima
associated with a given symmetry in the order parameter
compete with each other, giving rise to the discontinuous
phase transitions between states of different symmetry as
Ω increases.
For finite N , the exact energy (shown by the black
line in Fig. 1) overall lies below the mean-field value, as
expected. The yrast line shows oscillations with a quasi-
periodicity increasing from q = 2 to 3, and then 4 units of
angular momentum (for the range of L considered here).
We find that the minima (downward cusps, marked by
circles) occurring with quasi-periodicity q lie on parabolic
energy branches that are associated with the symmetry
of the yrast states, similar to the Gross-Pitaevskii mean-
field result. The crossings between the different branches
mark the transitions between the different symmetries.
Figure 2 shows the yrast line and low-lying excitations
in the rotating frame for N = 40 particles, for λ = 1.0,
and Ω/ω = 0.9322 (here for a basis with m ≤ 12),
where similar oscillations occur (here only shown up to
q = 3 due to the rapid increase in matrix dimension
for larger N). The insets to Fig. 2 show the isoden-
sity surfaces of the pair-correlated densities (defined as
〈Ψ|Ψˆ†(r)Ψˆ†(r′)Ψˆ(r′)Ψˆ(r)|Ψ〉). Around the transition be-
tween two and three vortices (see insets) it is apparent
that there is a crossing of states.
Let us now further analyze the quasi-periodicity of the
yrast line for the example of the two-vortex state. If N
is even and L is a multiple of 2 (but not of 4), then the
Fock states |k〉 with the largest amplitudes giving rise to
FIG. 2. (Color online). The energy of the yrast state and of
the low-lying excited states in the rotating frame for N = 40,
Ω/ω = 0.9322, and λ = 1.0. Insets: Isosurfaces (placed at
half-maximum value) of the pair-correlated densities; refer-
ence point in the (x, y)-plane at (1, 0). (Units of the oscillator
length (~/Mω)1/2) (see text).
the downward cusps have the form
|0k+N/2−(L+2)/4, 2N+1−2k, 4k−N/2+(L−2)/4〉. (2)
If L is a multiple of 4, then the corresponding states are
|0k+N/2−L/4, 2N−2k, 4k−N/2+L/4〉. (3)
The integer k takes all the possible values for which the
occupancies are non-negative.
The quasi-periodic oscillations give rise to the addi-
tional distinct steps (as in this case, of two units in L in
the region of the two-vortex state) in the graph L(Ω) that
is obtained by minimizing the energy at a given value of
Ω in the rotating frame, see Fig. 3. A similar situation
occurs for the vortex states with three- and four-fold sym-
metry, giving rise to the corresponding quasi-periodicity
in the yrast energy, as well as the steps in L(Ω). These
additional steps disappear in the thermodynamic limit
and the curve becomes a piece-wise continuous function
of Ω, as described by Butts and Rokshar [14]. Along the
steps, the pair-correlated densities (shown as isosurfaces
in the insets to Fig. 3) follow a pattern similar to the
mean field results [14].
In the mean-field solution, for a given symmetry only a
certain subset of single-particle states with angular mo-
mentum m contribute to the order parameter [15]. The
whole Fock space F may thus be viewed as composed
of a subspace P(q) that is exclusively built on the Fock
states constructed with single-particle orbitals that ap-
pear in the mean-field solution (as for two-, three- or
four-fold symmetry, q = 2, 3 or 4, these are only the or-
bitals with m = (0, 2, 4), m = (0, 3, 6) and m = (0, 4, 8),
respectively), and the rest of all the Fock states building a
space that we call Q(q). Obviously, F = P(q)∪Q(q). (For
the two-vortex case, the Fock states in P(2) were given
4FIG. 3. (Color online). Angular momentum L = L(Ω/ω)
resulting from minimizing Erot0 for N = 30 and
√
8piNa/lz =
0.3, showing additional steps in L that originate from the
quasi-periodicity of the yrast line. The insets show isosurfaces
of the pair-correlated densities (as in Fig. 2).
in Eqs. (2) and (3) above). For a diagonalization within
P(q) only, one obtains the exact leading-order term in
the energy [25]. The contribution of all other Fock states
that are elements of Q(q) lowers the energy to sublead-
ing order in N . (As an example, in the truncated space
m = (0, 2, 4), diagrams which contribute to subleading
order in N are shown in Fig. 4(a) where the contribution
of the states with m = 1 and m = 3 may be considered
perturbatively). The sum of amplitudes of all Fock states
that are in P(q) is plotted in the lower panel of Fig. 1 for
those states that are downward cusps in the yrast line for
q = 2, 3 and 4. The amplitude sums practically vanish
around the transitions between different values of q where
the exact yrast states become very mixed, i.e., there is a
superposition of very many Fock states with comparable
and small amplitudes.
Remarkably, around angular momenta where vortex
states with a given symmetry occur as ground states,
the subspace P(q) adds up to only a fraction of the total
weight of the exact quantum state. For the unit vortex
with q = 1, as discussed above, there is a single term
|0, 1N , 0, 0, . . . 〉 that has exactly 50% of the total ampli-
tude. For q = 2, only about 30% of the total amplitude
is within P(2), while the contribution of the majority of
Fock states that belong to Q(2) amounts to the remain-
ing 70%. For q = 3, the weight of the restricted subspace
P(3) decreases to about 20%, and for q = 4 we obtain
only about 10% in P(4).
The ratio between the weights of P(q) and Q(q) does
not appear to be a finite-N effect, but systematically
persists for larger system sizes [54]. This becomes par-
ticularly clear when studying the Fock state amplitudes
in the different subspaces. For the two-vortex state at
FIG. 4. (Color online) Comparison between the restricted
and the complementary Fock space, for the two-vortex state
at L/N = 1.8. (a) Diagrams showing the contributions to
subleading order in N , here for m ≤ 4. (b) Amplitudes in the
subspaces P(2) and Q(2), ordered after their absolute size. (c)
Saturation of the sum of amplitudes
∑jmax
j=1 |Cj |2 (here for
N = 100) in P(2) to about 30% of the full weight.
L/N = 1.8 for N = 20, 40, 60 and 100 particles [55],
Fig. 4(b) shows the absolute values of the amplitudes
(ordered after their absolute size) that are found to scale
with the particle number as N1/4, as a function of the
Fock space index j, that scales as 1/N1/2, for the sub-
spaces P(2) (which is relatively small in dimension) and
Q(2) (which is huge, containing very many states with
5small amplitudes). Fig. 4(c) shows the corresponding
sums of the squared amplitudes
∑jmax
j=1 |Cj |2 (here only
for N = 100) in P(2) and F = P(2)∪Q(2). The sum in F
quickly saturates to unity, while in the restricted space
P(2) it saturates to only about 30% of the total weight
of the quantum state. We see that for particle numbers
N ≥ 40, the scaling in N becomes nearly perfect, in-
dicating that the distribution of states between P and
Q would not change when going to even larger particle
numbers.
IV. CONCLUSION
To conclude, using the method of numerical diagonal-
ization for a few dozens of atoms rotating in a harmonic
trap, we found that quasiperiodic oscillations along the
yrast line originate from the finiteness of the system, and
disappear in the mean-field limit of large N . Further-
more, comparing the yrast state in the restricted sub-
space corresponding to the mean-field solution, with the
exact yrast state in the full space, we found that it ac-
counts for only a fraction of the total weight. There is
additional structure in the exact state that persists when
the system approaches the limit of large N , even though
the mean-field approximation provides the yrast energy
exactly in this limit.
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